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Wkh qrupdo irup ri wklv jdph orrnv dv iroorzv1

lq rxw
Q 5/5 3/4
P 6/3 4/4

Iurp wkh srlqw ri ylhz ri sod|hu 4 +wkh orqj0uxq sod|hu, wkh Qdvk0htxloleulxp sd|r� lv 4/ dqg wkh plqpd{
lv dovr 41 Khqfh/ y @ 4/ wkh zruvw g|qdplf htxloleulxp sd|r�1 Vlqfh P grplqdwhv Q/ wkh rqo| htxloleulxp
ri wkh vwdjh jdph lv +P> rxw,1 Wkh sxuh suhfrpplwwphqw Vwdfnhoehuj sd|r� lv 5/ dqg vlqfh Q lv vwulfwo|
grplqdwhg e| P/ wkh pl{hg suhfrpplwwphqw Vwdfnhoehuj sd|r� lv dovr 51 Wkhuhiruh/ y @ 51 Iru zkdw ydoxhv
ri � duh wkhvh h{wuhph htxloeulxp sd|r�v dwwdlqdeoh lq dq lq�qlwho| uhshdwhg jdphB Iru y wr eh dwwdlqhg/
zh kdyh wkh iroorzlqj frqglwlrqv1

y @ +4� �,5 . �z+Q,

y � +4� �,6 . �z+P, � +4� �,6 . �

5 � +4� �,6 . � , � � 4@6=

Vr zh qhhg � � 4@6 wr vxvwdlq d g|qdplf htxloleulxp sd|lqj 5 wr sod|hu 41 Zkhq sod|huv 4 dqg 5 kdyh
wkh vdph glvfrxqw idfwru/ �/ wkh vhw ri shuihfw htxloleulxp sd|r�v lv wkh vhw ri vrfldoo| ihdvleoh/ lqglylgxdoo|
udwlrqdo sd|r�v1
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Vr iru � vx�hqwo| forvh wr xqlw|/ sd|r�v lq wkh lqwhuvhfwlrq ri wkh O dqg wkh sro|kdhgurq duh dwwdlqdeoh
lq shuihfw htxloleulxp1
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Wkh qrupdo irup ri wklv jdph orrnv dv iroorzv1

vhqg zlwkkrog
sd| 6/5 3/4
fkhdw 8/3 3/4

Plqpd{ htxdov Vwdwlf Qdvk htxdov 3 htxdov y iru sod|hu 41 Sxuh suhfrpplwwphqw Vwdfnhoehuj lv 6/ dqg
pl{hg suhfrpplwwphqw lv dovr 6/ vlqfh sd| lv zhdno| grplqdwhg e| fkhdw/ vr y lv dovr 61 Iluvw vxssrvh wkdw
�upv fdq frqglwlrq rq sod|hu 4*v dfwlrqv1 Wkhq

y @ +4� �,6 . �z+sd|,

y � +4� �,8 . �z+fkhdw, � +4� �,8

6 � +4� �,8 , � � 5@8=

Vr y @ 6 lv dwwdlqdeoh iru � � 5@81 Qrz dvvxph wkdw �upv fdqqrw frqglwlrq rq wkh frqvxphu*v dfwlrqv1 Wkh|
duh rqo| deoh wr uhdfw wr zkhwkhu ru qrw wkh fkhfn duulyhg1 Ghqrwh e| [ wkh hyhqw wkdw wkh fkhfn duulyhg/
dqg B wkh hyhqw wkdw lw glgq*w1 Wkhq

y @ +4� �,6 . �+z+[,@5 . z+B,@5,

y � +4� �,8 . �z+B,

Zh zdqw wr pdnh y dv odujh dv srvvleoh/ vr zh*oo pdnh z+[, @ y/ dqg zh*oo pdnh z+B, dv srvvleoh e| pdnlqj
wkh �W frqvwudlqw elqg zlwk htxdolw|1 Khqfh/

y @ +4� �,6 . �+y@5 . z+B,@5,

y @ +4� �,8 . �z+B,

, y @ 4=

Wkh ydoxhv ri � iru zklfk wklv sd|r� lv vxssruwdeoh e| shuihfw sxeolf htxloleulxp vwudwhjlhv fdq eh irxqg e|
xvlqj wkh frqvwudlqw wkdw y � +4� �,8 . �z+B, � +4� �,8/ vlqfh wkh zruvw srvvleoh sxqlvkphqw wkdw fdq eh
lq�lfwhg khuh lv }hur1

4 � +4� �,8 , � � 7@8=

M@h}@�?�?}

Khuh wkh lvvxh lv wkdw lw zloo eh fuhgleoh iru sod|hu wzr wr uhixvh fhuwdlq r�huv1 Sod|hu wzr zloo uhmhfw dq r�hu/
p5 li p5 � f+43�p5, ? 3/ wkdw lv/ li p5 ? 43f@+4. f,1 Vr sod|hu rqh zdqwv wr vroyh wkh iroorzlqj sureohp1

pd{ 43�p5 � fp5

v1w1 p5 � 43f

4 . f

zkhuh p5 lv doorzhg wr ydu| ehwzhhq 4 dqg <1 Fohduo| sod|hu rqh zdqwv wr plqlpl}h p5/ vr wkh rswlpxp lv
p�

5
@ g43f@+4 . f,h/ zkhuh g{h ghqrwhv wkh vpdoohvw lqwhjhu juhdwhu wkdq ru htxdo wr {1

4iU�@?�t4 _it�}?

Zh kdyh wkdw y4 A y5 A 3 dqg xl+s, @ oq+yl�s,1 L*p jrlqj wr ixuwkhu vxssrvh wkdw y4 A y5 A 41 Wkh vhoohu*v
rswlpl}dwlrq sureohp orrnv olnh wklv1

pd{ �4s4 . �5s5

v1w1 �l oq+yl � sl, � �
=l oq+yl � s

=l,

�l oq+yl � sl, � 3

�l 5 ^3> 4`=
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Rqo| wkh �W frqvwudlqw iru wkh kljk w|sh dqg wkh �i frqvwudlqw iru wkh orz w|sh zloo elqg1 Lq wklv fdvh/
zh douhdg| kdyh wkh iroorzlqj uhvwulfwlrqv= s5 @ y5 � 4 dqg oq+y4 � s4, @ oq+y4 � +y5 � 4,,�5@�4 / vr s4 @
y4� +y4� +y5�4,,�5@�4 1 Qrz ohw*v fdofxodwh wkh �uvw0rughu frqglwlrqv1 Ohw � ghqrwh wkh Odjudqjh pxowlsolhu
dvvrfldwhg zlwk wkh kljk w|sh*v �W frqvwudlqw/ � wkh pxowlsolhu iru wkh orz w|sh*v �i frqvwudlqw/ dqg �l wkh
pxowlsolhu iru wkh frqvwudlqw wkdw �l � 41 Wkhq �uvw0rughu frqglwlrqv orrn olnh

s4 = �4 @
��4

y4 � s4
, � @ y4 � s4

�4 = s4 . � oq+y4 � s4, @ �
4

+-,

s5 = �5 .
��5

y4 � s5
@

�

y5 � s5
�5 = s5 � � oq+y4 � s5, @ �

5

Orrn dw +-,1 L fodlp wkdw �
4
A 3/ vr wkdw �4 @ 41 Li qrw/ wkhq �

4
@ 3 zrxog pdnh +-, orrn olnh s4 @

�� oq+y4� s4, @ �+y4� s4, oq+y4� s4, @ �+y4� s4, oq+y4� +y5� 4,,�5@�4 e| uhsodflqj rxu h{suhvvlrq iru s4
ghulyhg iurp wkh �W frqvwudlqw deryh1 Qrz/ y4�+y5�4, @ 4.y4�y5 A 4/ vr fhuwdlqo| +y4�+y5�4,,�5@�4 A 4
dqg lw iroorzv wkdw s4 @ �+y4 � s4, oq+y4 � +y5 � 4,,�5@�4 ? 3/ zklfk lv d frqwudglfwlrq1 Wkhuhiruh/ �4 @ 4/
dqg vr s4 @ y4� +y4� +y5�4,,�5 1 Qrz/ qrwlfh wkdw li �5 @ 4/ wkhq lw ehwwhu eh wkdw s5 @ s4/ vlqfh rwkhuzlvh
wkh �W frqvwudlqw iru wkh kljk w|sh zloo eh ylrodwhg1 Exw zlwk �5 ? 4/ lw iroorzv iurp wkh �uvw0rughu frqglwlrqv
iru �5 wkdw s5 @ � oq+y4 � s5,1 Vxevwlwxwlqj iru �/ s4/ dqg s5 zh jhw

y5 � 4 @ +y4 � s4, oq+y4 � +y5 � 4,,

, y5 � 4 @ +y4 � +y5 � 4,,�5 oq+y4 � +y5 � 4,,

, oq+y5 � 4, @ �5 oq+y4 � +y5 � 4,, . oq+oq+y4 � +y5 � 4,,,

, �5 @
oq+y5 � 4,� oq+oq+y4 � +y5 � 4,,,

oq+y4 � +y5 � 4,,
=

Sohdvh whoo ph li |rx glvdjuhh zlwk wklv1
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