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Dynamic Programming

a € A action space: finite

y LY state space: finite

7(y'|y,a) transition probability

period utility u(a,y) with discount factor 0<d<1

u = 2max|u(a,y)




Strategies

finite histories  h = (y1,9,-..,%;) With t(h) =t, y(h) = y;; h—-1; yi(h); h'>h

H space of all finite histories; this is countable

strategies o-H - A
> space of all strategies
all maps from a countable set to a finite set

the product topology ¢" — ¢ means that ¢"(h) — o(h) for every h

Theorem: every sequence in the product topology has a convergent
subsequence, so the space of strategies is compact

(proven in any elementary topology textbook)




Strong Markov Strategies

define a strong Markov strategy a(h) = a(h') if y(h) = y(h')
a strong Markov strategy is equivalent to a map

gyY - A

recursively define

n(hly,,0)=
(y(h)y(h-1),0(h-D)mh-1y,,0) t(h)>1
1 t(h)=1andy,(h)=y,
0 t(h)=1andy,(h)# vy,

calculate the average present value of the objective function

V(y,,0)=(1-3)), ., 0" u(a(h),y(h)mhy;,0)




Dynamic Programming Problem

(*) maximize V(y,,0) subject to o X

a value function is a map v.Y - [0 bounded by u

note that in this setting, it is simply a finite vector v,




Existence

Lemma: a solution to (*) exists

Definition: the value function

V(Y1) = Mmax,=V (Y1, 0)

Proof: the maximum exists because in the product topology on X

V(y;,0) is continuous in o and ¥ is compact




why is V' continuous?

suppose ¢" — o
Vip,o") = (1 - 6>Zheﬂ
= (1-9)

+(1 — 0)

— (1= 6>Zt(h)<T

soas T — oo we have V(y,,0"




Bellman equation

we defineamap 7 : R — RY by w=T(w) if

w'(y) = max,eq(1 = O)u(a, y;) + 6 Z m(y" |y17 w(y'y)
y' €S

Lemma: the value function is a fixed point of the Bellman equation

T(v) =V
In other words the most you can get next period is also given by the
value function

v(y1) = max,eq(1 — O)ula, ) + 6 Z m(y't |y, a)v(y'y)
yheS




Lemma: the Bellman equation is a contraction mapping
T(wW) -T(wW)|<J
Proof:

key observation ||max,, f(«a) — max, g(a)|| < max, | f(a) — g(a)|

HmaxaeA(l — O)u(a,yp) + 6 Z m(y'" |y, )w(y') — max,e (1 — S)u(a,y1) + 6 Z (' |, 0)w'(y'")

yhes y'1 €S

< max,eq ||(1— O)u(a, 1) +5z (W' [y, 0)w(y't) — (1 = 6)ua, y1) +5z ("1 |y, )w'(y')
yhEeS yheS

= MaX,cA 62 y1|y1, 62 Z/1|Z/1a (y'l)

y"es yh €S

< dmax ey z y1|y1, )|w(y'1)—w'(y'1)|
yHhES

< dmax,eq Z W' |y, ) lw —w'|
yh€es

= Oflw —w'|




Summing Up

Corollary: the Bellman equation has a unique solution

Proof: Let w be another solution

v —wi = ||T(v) — T(w)| < v — wil = v —wll =0

Conclusion: the unique solution to the Bellman equation is the value
function

since the value function is a solution to the Bellman equation, and the
solution is unique




Existence of Strong Markov

Lemma: there is a strong Markov optimum and it may be found from
the Bellman equation

Proof;

define a strong Markov plan by

o(y) € argmaxye (1 — d)u(a,yr) + 0 Z m(y'" [y, a)v(y')
y"h€S(y)

work the value function forward recursively to find
o (h) = (L= 6) 8" T m ()| (B), o )ulo(y(h)), y(h))
F(1 = 8D, g 8T () 31 (), ()

and observe that v is bounded by u so that the final terms disappears
asymptotically




Application — job search

three states: unemployed (u), have a bad job (b), have a good job (g)

the only choice: whether or not to quit a bad job and become
unemployed

pr(g|g) = 1 (good job is absorbing)
pr(g|lu) = a > b = pr(g|b, not quit) (chance of getting a good job)

pr(b|u) = c (chance of getting a bad job when unemployed)
u(g) =d
ub)=1
uu) =0




procedure: find the value function

vug) = d
v(u) = (1 —6)0 + 6(av(g) + cv(d) + (1 — a — c)v(u))
(1—20)+ 6(bu(g) + (1 — b)u(b))

ob) = max[ (1—6) + 6v(u)

step O: substitute out v(Qg)

v(u) = (1 —6)0+ 6(ad + cv(d) + (1 —a — c)v(u))

(1—06)+ 6(bd + (1 —b)u(b))
(1—0)+ év(u)

v(b) = max[



case 1: optimum is to quit a bad job

v(b) = (1 —6) + dv(u)

substitute:

v(u) = 6(ad + c¢((1 —6) + dv(u)) + (1 — a — c)v(u))
1—-61—a—c)— & w(u) = dad + 61 — 8)c

o) = bad 4+ 6(1 — O)c

1—6(1—a—c)— &%)




verify the Bellman equation

_bd+(1—b)(1—6)
1—5(1—0)

bad + 6(1 — d)c < bd + (1 —b)(1 — ¢)
1—-6(1—a—c)—6%) 1—6(1—0)

for example when b = 0,c = 0,a =1, 6d > 1




